Numerical models of rotating neutron stars are constructed for four equations of state using the computer code rns written by Stergioulas. For each equation of state the star's angular momentum is varied from J = 0 to the Keplerian limit J = Jmax, but the gravitational mass is kept fixed to M = 1.4 M . For each neutron-star configuration we compute Q, the quadrupole moment of the mass distribution. We show that for a given value of J, |Q| increases with the stiffness of the equation of state. For a given equation of state, the dependence on J is well reproduced with a simple quadratic fit, Q −aJ 2 /M c 2 , where c is the speed of light, and a is a parameter of order unity depending on the equation of state.
I. INTRODUCTION
A rapidly rotating neutron star is not spherically symmetric, because the rotation creates a deformation in the stellar mass distribution. In turn, the star's oblateness creates a distortion in the gravitational field outside the star, which is measured by Q ab , the quadrupole-moment tensor. Our purpose in this paper is to compute the quadrupole moments of realistic rotating neutron stars, under the assumptions of rigid rotation, axial symmetry, and reflection symmetry about the equatorial plane.
In Newtonian theory, the gravitational field outside any nonspherical body is given by (Jackson 1975) 
where M is the body's mass and r = | x| = (δ ab x a x b ) 1/2 is the distance from the center of mass; summation over repeated indices is understood. In terms of ε, the mass density inside the body, the quadrupole-moment tensor is given by
Thus, in Newtonian theory it is possible to define the quadrupole-moment tensor either in terms of the falloff behavior of the gravitational potential, or in terms of an integral over the mass density. If the body is axially symmetric about the z direction, then Eqs. (1) and (2) reduce to
and
where cos θ = z/r, P 2 (x) = 1 2 (3x 2 − 1), and
If the body is also reflection symmetric about the equatorial plane (θ = π/2), then the O(1/r 4 ) term vanishes identically and Eq. (3) is valid up to terms of order 1/r 5 . It is convenient to introduce the dimensionless quantity q, related to Q and M by
If we also introduce a dimensionless potential Φ * ≡ Φ/c 2 and a characteristic length
. This equation resembles more closely the relativistic analogue displayed in the following section.
Because neutron stars are compact objects with strong internal gravity, their gravitational fields must be described within the framework of general relativity. Equations (1)-(5) are therefore not valid for neutron stars. In Sec. 2 of this paper we describe an operational way, due mostly to Fintan Ryan (1995 and 1997) , of defining the quadrupole moment of an axially symmetric body in general relativity * . In Sec. 3 we describe a method for computing the quadrupole moment of a realistic rotating neutron star, under the assumptions of rigid rotation, axial symmetry, and reflection symmetry about the equatorial plane. Our computations rely on a numerical integration of the hydrostatic and Einstein field equations for selected equations of state, carried out with a numerical code written and made publicly available by Nikolaos Stergioulas (1995) . In Sec. 4 we present and discuss our results.
The motivation for this paper comes from the realization that the gravitational waves emitted by a binary system of rotating neutron stars will be affected by the stars' quadrupole moments. Although this effect is small, it is comparable in magnitude to that due to the general relativistic spin-spin interaction (Kidder, Will, & Wiseman, 1993; Apostolatos et al. 1994 ). This application of our results is discussed in a separate paper (Poisson 1997) .
II. QUADRUPOLE MOMENTS OF AXIALLY SYMMETRIC BODIES IN GENERAL RELATIVITY
Equation (3) states that the quadrupole moment Q is the coefficient of the "P 2 (cos θ)/r 3 " part of the Newtonian potential. As we shall see, a similar statement holds in general relativity. However, because of the nonlinearities of the Einstein field equations, it is more difficult to express the quadrupole moment in terms of an integral over the source. We shall come back to this point in Sec. 3.
The metric of a stationary, axially symmetric body can be written in the form (Bardeen & Wagoner 1971) 
where the potentials ν, B, ω, and α are functions of r and θ. Butterworth and Ipser (1976) have calculated the asymptotic behavior of these potentials for large r. Apart from a slight change in notation, they find
An expression for α will not be needed. Here, M ≡ GM/c 2 is the mass of the body, and χ is a dimensionless measure of its angular momentum:
where J is the body's angular momentum. As Eq. (11) indicates, we work with units such that G = c = 1. The factors of G and c will be re-inserted in Sec. 4.
Equations (8)- (10) involve two additional (dimensionless) parameters, b and q. The parameter b was left undetermined by Butterworth and Ipser (1976) . However, it is not a free parameter, and it is possible to calculate it by taking the spherically symmetric limit of the metric (7)- (10) and comparing with the Schwarzschild solution in isotropic coordinates (Schutz 1985) . Since these must be identical, we find
On the other hand, q is a free parameter. Because qM 3 is the coefficient of the "P 2 (cos θ)/r 3 " part of ν (which may be identified as the Newtonian potential), this is the quantity that should be interpreted as the quadrupole moment. The parameter q, then, would be identified with the dimensionless quantity introduced in Eq. (6).
The difficulty with this argument is that it is based upon the specific coordinate system of Eq. (7), and the question arises as to how it would be affected by a coordinate transformation. As we shall see, the statement that qM 3 is the quadrupole moment of the body is true irrespective of the coordinate system.
There exists a well developed literature on coordinateinvariant characterizations of multipole moments in general relativity. Such work was pioneered by Geroch (1970) and pursued by Hansen (1974) and Thorne (1980) . Here we follow the simple prescription due to Ryan (1995) , which is built on previous work by Fodor, Hoenselaers, and Perjés (1989). Ryan's prescription relies on the existence of a general relationship between a coordinateinvariant quantity ∆Ẽ and the set of coordinate-invariant multipole moments defined by Hansen (1979) . This quantity is defined as follows.
Let a test particle move, in the absence of any external force, around a central body of mass M and angular momentum J, in such a way that Ω, its angular velocity as measured at infinity, is uniform. (Such orbits will be termed "circular".) The central body is assumed to be stationary, axially symmetric, and reflection symmetric about the equatorial plane. We assume also that the motion of the test particle is confined to the equatorial plane, and that the particle moves in the same direction as the body's rotation. [If we denote by φ the angle of rotation about the symmetry axis (which coincides with the body's rotation axis) and by t the time measured at infinity, then Ω = dφ/dt > 0. Such coordinates are used in Eq. (7).] The orbital energy per unit test-particle mass, denoted E, is a coordinate-invariant quantity which depends on the orbital motion of the particle. Because each circular orbit can be labeled with the value of its angular velocity Ω (also a coordinate-invariant quantity), we have that E can be expressed as a function of Ω. The quantity considered by Ryan (1995) is
This evidently is a coordinate-invariant quantity, and Ryan derives the following expression for it:
where Q (denoted M 2 by Ryan) is the coordinateinvariant quadrupole moment, and
is the orbital velocity. Ryan's formula is valid for any spacetime satisfying the assumptions listed above. The quadrupole moment of a selected spacetime is therefore determined by computing ∆Ẽ explicitly for this spacetime, and comparing with Eq. (14) . Because all involved quantities are known to be invariant under coordinate transformations, this calculation can be carried out in any coordinate system. We now go through the steps of calculating ∆Ẽ for the specific spacetime of Eqs. (7)- (10).
Starting from the r component of the geodesic equation, using the fact that r and θ are both constant on circular, equatorial orbits, we easily derive the following expression for the angular velocity:
where a comma indicates partial differentiation, and all metric functions are evaluated at θ = π/2. Reading off the metric components from Eq. (7), substituting the asymptotic relations (8)- (10), taking a cubic root, and finally, expanding in powers of x ≡ (M/r) 1/2 , yields
This series can be inverted to give
An expression forẼ follows from the fact that in the coordinates of Eq. (7),Ẽ = −g tα u α , where u α = (u t , 0, 0, u φ ) = u t (1, 0, 0, Ω) is the particle's four-velocity. Using also the normalization condition g αβ u α u β = −1, we arrive atẼ
Going through the same steps as before, we obtaiñ
or, after substituting Eq. (18),
Finally, Eqs. (13) and (15) give ∆Ẽ = −(v/3)dẼ/dv, and substituting Eq. (21), we arrive at
Comparing with the general relation (14) confirms that J = χM 2 , as was first stated in Eq. (11), and establishes that the quadrupole moment is given by Q = qM 3 , in accordance with our original guess.
We conclude that the dimensionless parameter q appearing in Eq. (8) is related to the coordinate invariant multipole moment Q by the relation
which is formally identical to Eq. (6). We see that the quadrupole moment is indeed determined by isolating the "P 2 (cos θ)/r 3 " part of ν, the relativistic analogue of the Newtonian potential.
III. COMPUTATION OF THE QUADRUPOLE MOMENT
The computation of the quadrupole moment of a realistic neutron star requires a computer code capable of solving the hydrostatic and Einstein field equations for uniformly rotating mass distributions, under the assumptions of stationarity, axial symmetry about the rotation axis, and reflection symmetry about the equatorial plane. Along with the density profile ε(r, θ) and other matter variables, the code must compute the metric functions ν, B, ω, and α. Such a code was recently written and made publicly available by Stergioulas (1995) . [See Stergioulas & Friedman (1995) for a comparison with other codes.] The code, named rns, uses tabulated equations of state for neutron-star matter, and is based upon the numerical methods of Komatsu, Eriguchi, and Hachisu (1989) . As a technical point, we may remark that rns uses the metric variables ρ = 2ν − ln B and γ = ln B instead of ν and B.
Once ν(r, θ) has been obtained for a given equation of state and for selected values of stellar parameters, such as gravitational mass M and angular momentum J, the computation of q is in principle straightforward. Indeed, Eq. (8) This method is also due to Ryan (1997) , who shows that the quadrupole moment can be straightforwardly computed as an integral over S ρ (r , θ ), a complicated function involving matter variables and metric components. This function is defined in Eq. (10) of Komatsu, Eriguchi, and Hachisu (1989) . Ryan's expression is
This is the general relativistic analogue of Eq. (5). Although Eq. (25) looks quite simple, many complications associated with the nonlinearities of general relativity are hidden in the function S ρ which, unlike the mass density ε, has support both inside and outside the star. It is only in the Newtonian limit that S ρ = 8πε. Nevertheless, Ryan's method is easy to use because rns computes S ρ and performs similar integrations in order to solve the Einstein field equations. It was therefore straightforward to make the necessary modifications to the code, and compute q = Q/M 3 for selected configurations of rotating neutron stars.
IV. RESULTS AND DISCUSSION
With rns we have constructed numerical models of rotating neutron stars for four different tabulated equations of state, those labeled G, FPS, C, and L. [See Cook, Shapiro, and Teukolsky (1994) for a detailed description of these equations of state.] For each equation of state we have constructed models of varying angular momentum J, but with fixed value of the gravitational mass, M = 1.4 M . This value was selected because it is the most commonly observed for neutron stars in binary systems (Finn 1994) . For each equation of state the angular momentum is varied from J = 0 to the Keplerian limit J = J max , where the star's angular velocity exceeds that of a test particle in circular, equatorial motion just outside the stellar surface. Table 1 displays some properties of the selected equations of state. The first column lists the equations of state, in order of increasing stiffness. The second column lists M max (in solar masses) for J = 0, the maximum value of the gravitational mass for a nonrotating configuration. The third column lists χ max = cJ max /GM 2 for M = 1.4 M . The first row of Table 1 indicates that EOS G is extremely soft, with a maximum mass (in the absence of rotation) lower than 1.4 M . The models constructed for this equation of state therefore belong to the supramassive class (Cook, Shapiro, & Teukolsky 1994) , and are probably not realistic. For each of these neutron-star models we have computed the quadrupole moment Q using the two methods described in the previous section. To give an indication of the stellar oblateness, we have also computed the eccentricity e, defined by
where s p is the proper stellar radius in the polar (θ = 0) direction, while s e is the proper stellar radius in the equatorial (θ = π/2) direction. Our results are presented in Tables 2-5 . The first column lists χ = cJ/GM 2 , the dimensionless angularmomentum parameter. The second column lists the cor- responding value of q = c 4 Q/G 2 M 3 , the dimensionless quadrupole-moment parameter. Finally, the third column lists e, the eccentricity. We recall that all the neutron-star configurations have a gravitational mass of 1.4M . As the number of digits indicates, we believe our computations to be accurate at least to one part in 10 3 . The fact that the quadrupole moments are all negative reflects the oblateness of the mass distribution; the rotation produces a bulge at the equator. For a given value of χ, we find that |q| increases with the stiffness of the equation of state. Thus,
For a given equation of state, the dependence on χ is well reproduced with a simple quadratic fit,
with the parameter a depending on the equation of state. The best-fit values are presented in Table 6 . The accuracy of these fits is demonstrated in Fig. 1 , which displays q as a function of χ for each of the selected equations of state. The figure shows the data points of Table 2 -5 as well as the fits. We see that Eq. (27) reproduces the data fairly well, especially for the "medium" equations of state FPS and C. The accuracy of the formula q −aχ 2 is quite remarkable in view of its extreme simplicity. It is remarkable also because the relation q = −χ 2 is known to hold exactly for rotating black holes (Thorne 1980) . We may also note that for slowly rotating Maclaurin spheroids in Newtonian theory (Chandrasekhar 1969) , the corresponding relation is q −(25/8)(c 2 s p /GM ) χ 2 , where s p is the polar radius. 
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